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CALABI’S INHOMOGENEOUS EINSTEIN MANIFOLD IS
GLOBALLY SYMPLECTOMORPHIC TO R2n
ANDREA LOI, MICHELA ZEDDA
Abstract. We construct explicit global symplectic coordinates for the
Calabi’s inhomogeneous Ka¨hler–Einstein metric on tubular domains.
1. Introduction
Let ω be a Ka¨hler form on a n-dimensional complex manifold M diffeo-
morphic to R2n ≃ Cn. One basic and fundamental question from the sym-
plectic point of view is to understand when (M,ω) admits global symplectic
coordinates, i.e. when there exists a global diffeomorphism Ψ : M → R2n
such that Ψ∗ω0 = ω, where ω0 =
∑n
j=1 dxj ∧ dyj is the standard symplectic
form on R2n (the existence of a local symplectic diffeomorphism is guaran-
teed by the celebrated Darboux Theorem). In general the previous question
has a negative answer after Gromov’s discovery [6] of the existence of ex-
otic symplectic structures on R2n (see also [1] for an explicit construction
of a 4-dimensional symplectic manifold diffeomorphic to R4 which cannot
be symplectically embedded in (R4, ω0)). Therefore it is natural to look for
sufficient conditions, related to the Riemannian or to the complex structure
of the manifold involved, which assure the existence of global symplectic
coordinates. D. McDuff [8] proved a global version of Darboux Theorem for
complete and simply-connected Ka¨hler manifolds with non positive sectional
curvature and in [5] the first author and A. Di Scala provide a construction
of a global symplectomorphism from bounded symmetric domains equipped
with the Bergman metric to (R2n, ω0), using the theory of Jordan triple
systems. Constructions of explicit global symplectic coordinates on some
complex domains (e.g. Reinhardt domains or Lebrun’s Ricci–flat metric on
C2) is given in [4] and [7].
In this paper we construct explicit global symplectic coordinates for the
Calabi’s inhomogeneous Ka¨hler–Einstein form ω on the complex tubular
domains M = 12Da ⊕ iR
n ⊂ Cn, n ≥ 2, where Da ⊂ R
n is the open ball of
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Rn centered at the origin and of radius a. Our main result is the following
result (see next section for details):
Theorem 1. For all n ≥ 2, the Ka¨hler manifold (M,ω) is globally symplec-
tomorphic to (R2n, ω0) via the map:
Φ: M → Rn ⊕ iRn ≃ R2n, (x, y) 7→ (grad f, y) , (1)
where f : Da → R, x = (x1, . . . xn) 7→ f(x) is a Ka¨hler potential for ω, i.e.
ω = i2∂∂¯f , and grad f = (
∂f
∂x1
, . . . , ∂f∂xn ).
Notice that in [3, p. 23] Calabi provides an explicit formula for the cur-
vature tensor of (M,g) (he needs this formula to show that the metric g
associated to the Ka¨hler form ω is not locally homogeneous). On the other
hand it seems a difficult task to compute the sign of the sectional curva-
ture of g using Calabi’s formula. Consequently, it is not clear if g satisfies
or not the assumptions of McDuff’s theorem, namely if its sectional curva-
ture is nonpositive. Nevertheless, it is worth pointing out that the proof of
McDuff’s result is telling us that there exist global symplectic coordinates,
but it is not giving any criterium to compute explicitly them as we did in
Theorem 1.
We finally remark that our result should be used to give an explicit de-
scription of all Langragian submanifolds of (M,ω) which have classically
played an important role in symplectic geometry.
2. Calabi’s metric and the proof of Theorem 1
Consider the complex tubular domain M = 12Da ⊕ iR
n ⊂ Cn, as in the
introduction. Let g be the metric on M ⊂ Cn whose associated Ka¨hler form
is given by:
ω =
i
2
∂∂¯f(z1 + z¯1, . . . , zn + z¯n), (2)
where f : Da → R is a radial function f(x1, . . . , xn) = Y (r), for r =
(
∑n
j=1 x
2
j)
1/2, for xj = (zj + z¯j)/2, yj = (zj − z¯j)/2i, that satisfies the
differential equation:
(Y ′/r)n−1Y ′′ = eY , (3)
with initial conditions:
Y ′(0) = 0, Y ′′(0) = eY (0)/n. (4)
In [3], Calabi proved that the Ka¨hler metric g so defined is smooth, Einstein,
complete and not locally homogeneous. This was indeed the first example of
such a metric. The reader is also referred to [9] for an alternative and easier
proof of the fact that this metric is complete but not locally homogeneous.
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Proof of Theorem 1. Let us prove first that the map Φ given by (1) satisfies
Φ∗ω0 = ω. In order to simplify the notation we write ∂f/∂xj = fj and
∂2f/∂xj∂xk = fjk. The pull-back of ω0 through Φ reads:
Φ∗ω0 =
n∑
j=1
dfj ∧ dyj =
n∑
j,k=1
fjk dxk ∧ dyj =
i
2
n∑
j,k=1
fjk dzj ∧ dz¯k,
thus the desired identity follows by:
ω =
i
2
∂∂¯f(z1 + z¯1, . . . , zn + z¯n) =
i
2
n∑
j,k=1
fjk dzj ∧ dz¯k.
Observe now that since ω and ω0 are non-degenerate it follows by the inverse
function theorem that Φ is a local diffeomorphism. In order to conclude the
proof it is then enough to verify that Φ is a proper map, from which it follows
it is a covering map and hence a global diffeomorphism. In our situation
this is equivalent to:
lim
(x,y)→∂M
Φ(x, y) =∞
or equivalently:
lim
x→∂Da
|| grad f(x)|| =∞.
This readily follows by fj(x) =
xj
r Y
′(r) and the fact that Y ′(r) tends to
infinity as r → a (see [3, p. 21]). 
References
[1] L. Bates, G. Peschke, A remarkable symplectic structure, J. Diff. Geom. (1990), 533-
538.
[2] S. Bochner, Curvature in Hermitian metric, Bull. Amer. Math. Soc. 53 (1947), 179–
195.
[3] E. Calabi, Isometric Imbedding of Complex Manifolds, Ann. of Math. 58 (1953), 1–23.
[4] F. Cuccu, A. Loi, Global symplectic coordinates on complex domains, J. Geom. Phys.
56 (2006), 247-259.
[5] A. Di Scala, A. Loi, Symplectic duality of symmetric spaces, Advances in Mathematics
217 (2008), 2336-2352.
[6] M. Gromov, Partial differential relations, Springer–Verlag (1986).
[7] A. Loi, F. Zuddas, Symplectic maps of complex domains into complex space forms, J.
Geom. Phys. 58 (2008), 888-899.
[8] D. McDuff, The symplectic structure of Ka¨hler manifolds of non-positive curvature,
J. Differential Geom. 28 (1988), 467–475.
[9] J. A. Wolf, On Calabi’s inhomogeneous Einstein–Ka¨hler manifolds, Proc. of the AMS
63, no. 2 (1977), 287-288.
Dipartimento di Matematica e Informatica, Universita` di Cagliari, Via Os-
pedale 72, 09124 Cagliari, Italy
E-mail address: loi@unica.it; michela.zedda@gmail.com
